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Abstract
In this paper, we study the differential equations of the following form w2 + R(z)(w(k))2 = Q(z),
where R(z), Q(z) are nonzero rational functions. We proved the following three conclusions: (1) If ei-
ther P(z) or Q(z) is a nonconstant polynomial or k is an even integer, then the differential equation
w2 +P(z)2(w(k))2 = Q(z) has no transcendental meromorphic solution; if P(z), Q(z) are constants and k
is an odd integer, then the differential equation has only transcendental meromorphic solutions of the form
f (z) = a cos(bz + c). (2) If either P(z) or Q(z) is a nonconstant polynomial or k > 1, then the differential
equation w2 + (z− z0)P (z)2(w(k))2 = Q(z) has no transcendental meromorphic solution, furthermore the
differential equation w2 +A(z− z0)(w′)2 = B, where A, B are nonzero constants, has only transcendental
meromorphic solutions of the form f (z) = a cosb√z − z0, where a, b are constants such that Ab2 = 1,
a2 = B. (3) If the differential equation w2 + 1
P(z)2
(w(k))2 = Q(z), where P is a nonconstant polynomial
and Q is a nonzero rational function, has a transcendental meromorphic solution, then k is an odd integer
and Q is a polynomial. Furthermore, if k = 1, then Q(z) ≡ C (constant) and the solution is of the form
f (z) = B cosq(z), where B is a constant such that B2 = C and q ′(z) = ±P(z).
© 2007 Elsevier Inc. All rights reserved.
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Let C denote the complex plane and f a transcendental meromorphic function on C. We shall
assume that the readers are familiar with the standard notations in the Nevanlinna theory and
Wiman–Valiron theory such as characteristic function T (r, f ), central index ν(r, f ), and so on.
We refer the reader to the books [1,3] and [5]. In the complex differential equation theory, it is
an interesting and quite difficult question to prove that a nonlinear differential equation has no
meromorphic solution or find all the meromorphic solutions of a nonlinear differential equation
if such solutions exist, even for a simple differential equation. Recently, Yang [7], Yang and Li
[6,8] and Heittokangas, Korhonen and Laine [4] studied certain types of nonlinear differential
equations. Specially, Yang and Li [8] study the following type of the differential equation
f 2 + b(z)(L(f ))2 = a(z),
where L(f ) is a linear differential polynomial in f and a(z), b(z) are small meromorphic func-
tions of f , i.e. T (r, a) = o(T (r, f )), T (r, b) = o(T (r, f )) as r → ∞ outside of an exceptional
set of finite linear measure. In fact, they proved
Theorem A. Let n be a positive integer, a, b0, b1, . . . , bn−1 be polynomials, and bn be a nonzero
constant. Let L(f ) =∑nk=0 bkf (k). If a(z) ≡ 0, then a transcendental meromorphic solution of
the following equation
f 2 + (L(f ))2 = a,
must have the form f (z) = 12 (P (z)eR(z) + Q(z)e−R(z)), where P,Q,R are polynomials and
PQ = a.
Theorem B. Let a1, a2 and a3 be nonzero meromorphic functions. Then a necessary condition
for the differential equation
a1f
2 + a2(f ′)2 = a3
has a transcendental meromorphic solution satisfying T (r, ak) = S(r, f ), k = 1,2,3, is a1/a3 ≡
const.
They also posed the following conjecture.
Conjecture. Let P1,P2 and P3 be nonzero polynomials. Then the equation P1f 2 +P2(f ′)2 = P3
has no transcendental meromorphic solution when P1/P3 is a nonzero constant and P2/P3 is not
the square of any rational function.
However, the answer to this conjecture is negative. For example, the transcendental meromor-
phic function f (z) = cos√z solves the differential equation f 2 + 4z(f ′)2 = 1. By a simple
calculation, we also know that the transcendental meromorphic function f (z) = cos√P(z)
solves the differential equation f 2 + 4P(z)
P ′(z)2 (f
′)2 = 1 and f (z) = cosQ(z) solves the differential
equation f 2 + 1
Q′(z)2 (f
′)2 = 1, where P,Q are nonconstant polynomials. In this paper, we will
study the differential equation
w2 + R(z)(w(k))2 = Q(z), (1)
where R,Q are rational functions. In order to prove our results, we need some lemmas.
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Lemma 1. (See [5, p. 51].) Let f be a transcendental entire function, and 0 < δ < 14 . Suppose
that at the point z with |z| = r the inequality∣∣f (z)∣∣> M(f, r)ν(f, r)− 14 +δ (2)
holds. Then there exists a set F in R+ of finite logarithmic measure, i.e.,∫
F
1/t dt < +∞ such
that
f (m)(z) =
(
ν(f, r)
z
)m(
1 + o(1))f (z) (3)
holds whenever m is a fixed nonnegative integer and r /∈ F .
Lemma 2. Let f be a transcendental meromorphic solution of the differential equation
P1(z)w
2 + P2(z)
(
w(k)
)2 = P3(z), (4)
where Pj (z) (j = 1,2,3) are polynomials. Denote degPj = pj (j = 1,2,3). Then p2 <
p1 + 2k, and the order of f is ρ(f ) = 1 + p1−p22k .
Proof. Obviously, f (z) has at most finitely many poles. Thus there is a polynomial P(z) such
that f (z)P (z) = g(z) is a transcendental entire function. Let |g(z0)| = M(g, r) (|z0| = r). Then,
by Lemma 1, we have
f ′(z0)
f (z0)
= g
′(z0)
g(z0)
− P
′(z0)
P (z0)
= ν(g, r)
z0
(
1 + o(1)), r /∈ F,
and
f (k)(z0)
f (z0)
= g
(k)(z0)
g(z0)
−
k∑
j=1
C
j
k
P (j)(z0)
P (z0)
g(k−j)(z0)
g(z0)
=
(
ν(g, r)
z0
)k(
1 + o(1)), r /∈ F,
where F is a set of a finite logarithmic measure. Thus from Eq. (4), we have
P2(z0)
P1(z0)
(
ν(r, g)
z0
)2k(
1 + o(1))= 1 + P3(z0)P (z0)
P1(z0)g(z0)
.
It turns out that there is a positive constant A such that
ν(g, r) ∼ Ar1+(p1−p2)/(2k)
for all sufficient large r outside a set of finite logarithmic measure. Therefore, p1 − p2 + 2k > 0
and the growth order ρ(f ) = ρ(g) = 1 + (p1 − p2)/(2k). 
The following is the well-known Borel’s theorem, see [9] or [2, Lemma 5.1, p. 108].
Lemma 3. Let aj (z) be entire function of finite order  ρ. Let gj (z) be entire and gk(z)− gj (z)
(j = k) be a transcendental entire function or polynomial of degree greater than ρ. Then
n∑
j=1
aj (z)e
gj (z) = a0(z)
holds only when
a0(z) = a1(z) = · · · = an(z) ≡ 0.
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We first study the following differential equation
w2 + P(z)2(w(k))2 = Q(z), (5)
where P , Q are nonzero polynomials. We have the following result.
Theorem 1. If the differential equation (5) has a transcendental meromorphic solution f , then
P(z) ≡ A (constant), Q ≡ B (constant), k = 2n + 1 for some nonnegative integer n and f (z) =
b cos(az + c), where a, b, c are constants such that Aak = ±1, b2 = B.
Proof. Equation (5) can be rewritten in the following form(
w + iP (z)w(k))(w − iP (z)w(k))= Q(z). (6)
It follows that
f (z) + iP (z)f (k)(z) = Q1(z)eq(z), f (z) − iP (z)f (k) = Q2(z)e−q(z),
where Q1, Q2 are polynomials such that Q1(z)Q2(z) = Q(z), and q is a nonconstant polyno-
mial. We denote the degrees of Q1, Q2 and q by k1, k2 and k3, respectively. Thus we have
f (z) = Q1(z)e
q(z) + Q2(z)e−q(z)
2
, (7)
f (k)(z) = Q1(z)e
q(z) − Q2(z)e−q(z)
2iP (z)
. (8)
It follows from (7) that
f (k)(z) = p1(z)e
q(z) + p2(z)e−q(z)
2
, (9)
where
p1(z) = Q1(z)
(
q ′(z)k + Mk
(
q ′, q ′′, . . . , q(k)
))+ Q′1(z)Mk−1(q ′, q ′′, . . . , q(k−1))+ · · ·
+ Q(k−1)1 M1(q ′) + Q(k)1 (z),
and Mk , Mk−1 are differential polynomials of q ′ with degree k − 1, Mj (j = 1, . . . , k − 2) is a
differential polynomial of q ′ with degree j . It follows from this that p1(z) is a polynomial with
degree k1 + k(k3 − 1) k1. It follows from (8) and (9) that[
p1(z) − Q1(z)
iP (z)
]
eq(z) +
[
p2(z) − Q2(z)
iP (z)
]
e−q(z) ≡ 0.
By Lemma 3, we have p1(z) − Q1(z)iP (z) ≡ 0. By considering the degrees of p1 and Q1, one can
conclude that P(z) = A (constant). Let f1(z) = Q1(z)eq(z). Noting that f (k)1 (z) = p1(z)eq(z) =
1
iA
Q1(z)eq(z), we have that f1(z) is a solution of the differential equation w(k) = λw, where
λ = 1
iA
. However, all the solutions of this differential equation are of forms w =∑kj=1 cj ej z,
where cj are constants and kj = λ (j = 1, . . . , k). Thus, we have
f1(z) = Q1(z)eq(z) =
k∑
cj e
j z.j=1
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we can let f1(z) = C1eaiz, where C1 is nonzero constant and (ai)k = 1Ai . Similarly, one can
conclude that Q2(z) is a nonzero constant. Therefore we have
f (z) = C1e
aiz + C2e−aiz
2
,
where C1,C2 are nonzero constants and Q(z) = C1C2. Noting that
f (k)(z) = C1(ai)
keaiz + C2(−ai)ke−aiz
2
= C1e
aiz − C2e−aiz
2Ai
,
we have 1
Ai
= (ai)k = −(−ai)k . Thus k = 2n + 1 for some integer n and akA = ±1. Further-
more, by simple calculations, we know that f (z) can be rewritten as f (z) = b cos(az+c), where
b2 = C1C2 = B and eic = C1C2 . 
Remark 1. It follows easily from Theorem 1 that if either P or Q is a nonconstant polynomial
or k is an even integer, then the differential equation (5) has no transcendental meromorphic
solution.
Secondly, we study the differential equation of the following form
w2 + (z − a)P (z)2(w(k))2 = Q(z), (10)
where P , Q are nonzero polynomials. We obtain our second result.
Theorem 2. If the differential equation (10) has a transcendental meromorphic solution f , then
P , Q are constants, k = 1 and f (z) = a0 cos(b√z − a ), where a0, b are constants. Furthermore,
P(z) ≡ ± 2
b
, Q(z) ≡ a20 .
Proof. Without loss of generality, we may assume that a = 0. By the assumption of the theorem,
we have
f (z)2 + zP (z)2(f (k)(z))2 = Q(z). (11)
Let z = t2 and
F(t) = f (t2), G(t) = f (k)(t2), M(t) = P (t2), and N(t) = Q(t2).
Since f (z), f (k)(z), P(z) and Q(z) are meromorphic functions in z, and z = t2 is an entire
function in t , then F(t), G(t), M(t) and N(t) are meromorphic functions in t . Furthermore,
M(t) and N(t) are polynomials in t . Then Eq. (11) can be transformed into
F(t)2 + t2M(t)2G(t)2 = N(t).
Thus we have
F(t) + itM(t)G(t) = Q1(t)eq(t), F (t) − itM(t)G(t) = Q2(t)e−q(t),
where Q1,Q2 are nonzero polynomials in t with Q1(t)Q2(t) = N(t) and q is a nonconstant
polynomial. Thus
F(t) = Q1(t)e
q(t) + Q2(t)e−q(t)
, G(t) = Q1(t)e
q(t) − Q2(t)e−q(t)
.
2 2itM(t)
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f (z) = Q1(
√
z )eq(
√
z ) + Q2(√z )e−q(
√
z )
2
,
and
f (k)(z) = Q1(
√
z )eq(
√
z ) − Q2(√z )e−q(
√
z )
2i
√
zM(
√
z )
.
We denote l = the degree of q and p = the degree of P(z). It follows that the order of F is
ρ(F ) = l. Hence the order of f is ρ(f ) = l2 . However, by Lemma 2, we have that ρ(f ) =
1 − 2p+12k < 1. It follows from these facts that l = 1 and k = 2p + 1. Thus q(t) is a linear
polynomial. We may assume that q(t) = ct , for otherwise, we can consider edQ1, e−dQ2 instead
of Q1, Q2. Thus,
F(t) = Q1(t)e
ct + Q2(t)e−ct
2
, G(t) = Q1(t)e
ct − Q2(t)e−ct
2itM(t)
.
So
f (z) = Q1(
√
z )ec
√
z + Q2(√z )e−c
√
z
2
,
f (k)(z) = Q1(
√
z )ec
√
z − Q2(√z )e−c
√
z
2i
√
zM(
√
z )
. (12)
Noting that F(t) is an even function, therefore,(
Q1(t) − Q2(−t)
)
ect + (Q2(t) − Q1(−t))e−ct ≡ 0.
Again, by Lemma 3, we have Q2(t) ≡ Q1(−t). Let Q1(t) = antn+an−1tn−1 +· · ·+a0 (an = 0).
From Eq. (12),
f (z) = Q1(
√
z )ec
√
z + Q1(−√z )e−c
√
z
2
= (a2rzr + · · · + a0) cosb√z + i(a2s+1z 2s+12 + · · · + a1z 12 ) sinb√z
= (a2rzr + · · · + a0) cosb√z + 2i
b
(
a2s+1zs+1 + · · · + a1z
)b sinb√z
2
√
z
,
where c = bi,
f (k)(z) = Q1(
√
z )ec
√
z − Q1(−√z )e−c
√
z
2i
√
zM(
√
z )
= (a2rz
r + · · · + a0)√
zP (z)
sinb
√
z + (a2s+1z
2s+1
2 + · · · + a1z 12 )
i
√
zP (z)
cosb
√
z
= 2(a2rz
r + · · · + a0)
bP (z)
b sinb
√
z
2
√
z
+ (a2s+1z
s+1 + · · · + a1z)
izP (z)
cosb
√
z,
where n = max{2r,2s + 1}. Let α(z) = a2rzr + · · · + a0), β(z) = a2s+1zs+1 + · · · + a1z, and
g(z) = cos(b√z ). Note that g′(z) = − b sin (b
√
z )√ , we have2 z
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b
β(z)g′(z),
f (k)(z) = − 2α(z)
bP (z)
g′(z) + β(z)
izP (z)
g(z).
Thus,
f ′(z) = 4zα
′(z) + c2β(z)
4z
g(z) + 2zα(z) − 2zβ
′(z) + β(z)
2z
g′(z).
Inductively, one can obtain that
f (k)(z) = γ1(z)
zλ1
g(z) + γ2(z)
zλ2
g′(z),
where γ1(z), γ2(z) are polynomials and λ1, λ2 are integers. Hence, we get(
β(z)
izP (z)
− γ1(z)
zλ1
)
g(z) =
(
2α(z)
bP (z)
+ γ2(z)
zλ2
)
g′(z).
It is derived that the coefficient functions of g and g′ must be zeros, otherwise one can obtain that
g′/g = R(z) for some rational function R(z). It follows that g(z) has only finitely many zeros,
which is a contradiction. Thus
β(z)
izP (z)
= γ1(z)
zλ1
,
2α(z)
bP (z)
= −γ2(z)
zλ2
.
Hence we have
P(z) = Azλ(z − e1)μ1 · · · (z − em)μm,
where μj = 0 (j = 1, . . . ,m) and (z − e1)μ1 · · · (z − em)μm is the common factor of P(z),α(z)
and β(z), as well as the common factor of P(z), Q1(
√
z ) and Q2(
√
z ). Let μ = μ1 + · · ·+μm,
then p = k−12 = λ + μ. It follows that
P(z) = Az(k−1)/2−μ(zμ + b1zμ−1 + · · · + bμ).
Thus
f (k)(z) = Q1(
√
z )ec
√
z − Q2(√z )ec
√
z
2iAz
k
2 −μ(zμ + b1zμ−1 + · · · + bμ)
.
However, we also have
f (k)(z) =
(
Q1(
√
z )ec
√
z + Q2(√z )e−c
√
z
2
)(k)
= R1(
√
z )ec
√
z + R2(√z )e−c
√
z
2
,
where R1,R2 are rational functions and (Q1(
√
z )ec
√
z)(k) = R1(√z )ec
√
z
, (Q2(
√
z )e−c
√
z)(k) =
R2(
√
z )e−c
√
z
. Thus by Lemma 3, we have
iAz
k
2 −μ(zμ + b1zμ−1 + · · · + bμ)R1(√z ) = Q1(√z ). (13)
Next, we will prove that this occurs only when k = 1 and Q1 is a constant. We discuss two cases
k = 1 and k > 1.
Case 1: k = 1. In this case, P(z) ≡ A. Thus we have iAz 12 R1(√z ) = Q1(√z ). However, by
simple calculations, we know that in this case
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(
anz
n
2 − 12 + an−1z n−12 − 12 + · · · + a1 + a0z− 12
)
+ n
2
anz
n
2 −1 + n − 1
2
an−1z
n−1
2 −1 + · · · + a1
2
z−
1
2 .
If n > 1, then by comparing the first two terms with highest powers of the both sides in the
equation iAz
1
2 R1(
√
z ) = Q1(√z ), we obtain the follow equations
iAc
2
an = an, iAc2 an−1 +
n
2
an = an−1.
It follows that an = 0. Hence Q1 is a constant.
Case 2: k > 1. Since k is an odd integer, thus k  3. Now, by computing the kth derivative of
z
m
2 ec
√
z for some integer m, we obtain that
(
z
m
2 ec
√
z
)(k) =
((
c
2
)k
z
m
2 − k2 + km
2
(
c
2
)k−1
z
m−k−1
2 + · · ·
)
ec
√
z.
Thus we have
R1(
√
z ) =
(
c
2
)k
anz
n
2 − k2 +
(
k
n
2
(
c
2
)k−1
an +
(
c
2
)k
an−1
)
z
m−k−1
2 + · · · .
If n > 1, by substituting this into Eq. (13) and comparing the first two terms with highest powers
of the both sides in this equation, we obtain
iA
(
c
2
)k
an = an, iA
(
k
n
2
(
c
2
)k−1
an +
(
c
2
)k
an−1
)
= an−1.
Again, we obtain an = 0. Thus Q1(z) ≡ a0 (constant). At this case P(z) = iAz k−12 and
R1(
√
z ) = a0
((
c
2
)k
z−
k
2 + · · · + c
2
(
−1
2
)(
−1
2
− 1
)
· · ·
(
−1
2
− k + 2
)
z
1
2 −k
)
.
Thus Eq. (13) becomes
iAa0z
k
2
((
c
2
)k
z−
k
2 + · · · + c
2
(
−1
2
)(
−1
2
− 1
)
· · ·
(
−1
2
− k + 2
)
z
1
2 −k
)
= a0.
This is impossible, since k  3. By the discussion above, we have k = 1, Q1(√z ) = a0,
Q2(
√
z ) = Q1(−√z ) = a0 and Q(z) = a20 . Hence,
f (z) = a0 e
c
√
z + e−c√z
2
= a0 cos(b√z ),
where b = ic. By a simple calculation, we also have P(z) = A = ± 2
b
. Thus the theorem is
proved. 
Remark 2. The functions a0 sinb
√
z − a and a0 cos(b√z − a + d) (d = kπ) also satisfy the
differential equation (10), but they are not meromorphic functions.
Thirdly, we study the differential equations of the following form,
w2 + 1
P(z)2
(
w(k)
)2 = Q(z), (14)
where P is a nonconstant polynomial, Q is a rational function. We have the following result.
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k is an odd integer and Q is a polynomial. Furthermore, if k = 1, then Q(z) ≡ C (constant)
and the solution has the form f (z) = A cosp(z), where A is a constant such that A2 = C and
p′(z) = ±P(z).
Proof. Assume that f is a transcendental meromorphic solution of the differential equation (14),
then f has only finitely many poles and satisfies the following equations
f (z) + i 1
P(z)
f (k)(z) = Q1(z)eq(z), f (z) − i 1
P(z)
f (k)(z) = Q2(z)e−q(z),
where Q1, Q2 are rational functions such that Q1(z)Q2(z) = Q(z), q(z) is a nonconstant poly-
nomial. Thus we have
f (z) = Q1(z)e
q(z) + Q2(z)e−q(z)
2
, f (k)(z) = P(z)(Q1(z)e
q(z) − Q2(z)e−q(z))
2i
.
Hence,
f (k)(z) = (Q1(z)e
q(z))(k) + (Q2(z)e−q(z))(k)
2
= pk(z)e
q(z) + qk(z)e−q(z)
2
,
where pk , qk are rational functions and(
Q1(z)e
q(z)
)(k) = pk(z)eq(z), (Q2(z)e−q(z))(k) = qk(z)e−q(z).
Again by Lemma 3, we have −iP (z)Q1(z) = pk(z), iP (z)Q2(z) = qk(z). First, we prove that
Q1, Q2 are polynomials. Assume that Q1(z) has a pole z0 with multiplicity μ 1, then we can
rewrite Q1(z) as
Q1(z) =
μ∑
j=1
cj
(z − z0)j + ψ(z),
where cμ = 0 and ψ(z) is a rational function with a regular point z0. Thus, we have that
p1(z) = Q′1(z) + Q1(z)q ′(z) = −
μcμ
(z − z0)μ+1 +
μ∑
j=1
c
(1)
j
(z − z0)j + ψ1(z),
where c(1)j (j = 1, . . . ,μ) is a constant and ψ1(z) is a rational function with a regular point z0.
It follows that p1(z) has a pole of multiplicity μ + 1 at z0. We also have pk(z) = p′k−1(z) +
pk−1(z)p(z). Thus inductively, we obtain that pk(z) has a pole with multiplicity μ + k at z0.
However, −iP (z)Q1(z) either has a pole with multiplicity  μ at z0 or is analytic at z0. This
contradicts with −iP (z)Q1(z) = pk(z). This implies that Q1(z) is a polynomial and so is pk(z).
Similarly, one can prove that Q2(z), qk(z) are polynomials. Let
Q1(z) = anzn + · · · + a0, Q2(z) = bmzm + · · · + b0,
q(z) = clzl + · · · + c1z + c0, P (z) = dszs + · · · + d0,
where an = 0, bm = 0, cl = 0, ds = 0. By Lemma 2, we have ρ(f ) = l = 1 + 2s2k . It follows that
l > 1, s = (l − 1)k. By induction, one can prove that
pk(z) = an(lcl)kzn+(l−1)k + · · · , qk(z) = bm(−lcl)kzn+(l−1)k + · · · .
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P(z)Q1(z) = dsanzn+(l−1)k + · · · , P (z)Q2(z) = dsbmzn+(l−1)k + · · · .
Thus −idsan = an(lcl)k , idsbm = bm(−lcl)k. It follows that k is an odd integer. If k = 1, then
−iP (z)Q1(z) = p1(z) = Q′1(z) + Q1(z)q ′(z). It follows that Q
′
1(z)
Q1(z)
+ q ′(z) = −iP (z) is a poly-
nomial. However, if Q1(z) is a nonconstant polynomial, then Q1(z) has at least a zero, say z1.
Obviously, Q
′
1(z)
Q1(z)
+ q ′(z) has a pole at z1. This is a contradiction, which leads to the conclusion
that Q1 is a nonzero constant, say C1. Similarly, one can get that Q2 is a nonzero constant,
say C2. Thus
f (z) = C1e
q(z) + C2e−q(z)
2
= A cosp(z),
where q(z) = ip(z) + ib, eib = C1
C2
and A2 = C1C2 = C. By a simple calculation, one can get
P(z) = ±p′(z). 
Remark 3. It is an interesting and difficult question to find all transcendental meromorphic so-
lutions of the general differential equation (1). We believe that if R(z) is a nonconstant rational
function and k > 1, then the equation has no transcendental meromorphic solution. Furthermore,
we believe that if the differential equation (1) has a transcendental meromorphic solution, then
the differential equation (1) must be one of the following four differential equations:
w2 + A(w(2n+1))2 = B, w2 + A(z − z0)(w′)2 = B,
w2 + 4P(z)
P ′(z)2
(w′)2 = B, w2 + 1
P(z)2
(w′)2 = B,
where A, B are nonzero constants and P is a nonconstant polynomial. And the transcendental
meromorphic solution f must be of one of following forms:
f (z) = a cos(bz + c), f (z) = a cosb√z − z0,
f (z) = a cos√P(z), f (z) = a cos(P(z)),
where a, b, c are constants and a2 = B , Ab2n+1 = ±1, q(z) is a polynomials such that q ′(z) =
±P(z).
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